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Abstract
In this paper, we give the exponential generating functions for the generalized
Fibonacci and generalized Lucas quaternions, respectively. Moreover, we give some
new formulas for binomial sums of these quaternions by using their Binet forms.
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1 Introduction
The well-known Fibonacci and Lucas sequences are deﬁned by the following recurrence
relations: for n≥ ,
Fn+ = Fn+ + Fn
and
Ln+ = Ln+ + Ln,
where F = , F = , L = , and L = , respectively. Here, Fn is the nth Fibonacci number
and Ln is the nth Lucas number.





Ln = αn + βn,
where
α =  +
√






The numerous relations connecting Fibonacci and Lucas numbers have been given by
Vajda [].
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Carlitz, Ferns, Layman and Hoggatt studied many properties of binomial sums of these
numbers (see [–]).
The generalized Fibonacci and Lucas sequences, {Un} and {Vn}, are deﬁned by the fol-
lowing recurrence relations: for n ≥  and any nonzero integer p,
Un+ = pUn+ +Un
and
Vn+ = pVn+ +Vn,
where U = , U = , V = , and V = p, respectively. If we take p = , then Un = Fn (nth
Fibonacci number) and Vn = Ln (nth Lucas number).
Let λ and μ be the roots of the characteristic equation x – px –  = . Then the Binet





Vn = λn +μn,
where λ = (p +
√
p + )/ and μ = (p –
√
p + )/.
From these equalities, by putting  = p + , we see that  + λ = λ
√


















Now, we would like to explain how the generating function of a given sequence {an} is
derived: Firstly, we write down a recurrence relation which is a single equation expressing
an in terms of other elements of the sequence. This equation should be valid for all integers
n, assuming that a– = a– = · · · = . Then wemultiply both sides of the equation by xn and
sum over all n. This gives, on the left, the sum
∑∞
n= anxn, which is the generating function
a(x). The right-hand side should bemanipulated so that it becomes some other expression
involving a(x). Lastly, if we solve the resulting equation, we get a closed form for a(x). For
more details and properties related to the generating functions and special functions, we
refer to [–].
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A quaternion p with real components a, a, a, a, and basis , i, j, k is an element of
the form
p = a + ai + aj + ak = (a,a,a,a) (a = a),
where
i = j = k = –,
ij = k = –ji, jk = i = –kj, ki = j = –ik.
Throughout this paper, we work in the real division quaternion algebra without speciﬁc
references being given.
The nth Fibonacci and the nth Lucas quaternions were deﬁned by Horadam in [] as
Qn = Fn + Fn+i + Fn+j + Fn+k
and
Kn = Ln + Ln+i + Ln+j + Ln+k,
respectively, where Fn and Ln are the nth Fibonacci number and the nth Lucas number.
Similar to Horadam, the nth generalized Fibonacci quaternion and nth generalized
Lucas quaternion are deﬁned by
Qn =Un +Un+i +Un+j +Un+k
and
Kn = Vn +Vn+i +Vn+j +Vn+k,
respectively []. Here, Un and Vn are the nth generalized Fibonacci number and the nth
generalized Lucas number.
For n≥ , the following recurrence relations hold:
Qn+ = pQn+ +Qn
and

















p,p + ,p + p,p + p + 
)
.
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In [], Iakin gave the Binet formulas for the generalized Fibonacci and generalized





Kn = λλn +μμn,
where λ =  + λi + λj + λk and μ =  +μi +μj +μk.
Iyer [] gave some relations connecting the Fibonacci and Lucas quaternions. In [],
Swamy derived the relations of generalized Fibonacci quaternions. Iakin [, ] intro-
duced the concept of a higher order quaternion and generalized quaternions with quater-
nion components. Horadam [] studied the quaternion recurrence relations. In [],
Halici derived generating functions and many identities for Fibonacci and Lucas quater-
nions. In [], Flaut and Shpakivskyi investigated someproperties of generalized Fibonacci
quaternions and Fibonacci-Narayana quaternions. Very recently, Ramirez [] has ob-
tained some combinatorial properties of the k-Fibonacci and the k-Lucas quaternions.
Inspired by these results, in the present paper we give the exponential generating func-
tions for the generalized Fibonacci and generalized Lucas quaternions. Moreover, we de-
rive some new formulas for binomial sums of these quaternions by using their Binet forms.
2 Some properties of generalized Fibonacci and Lucas quaternions
Theorem. ([]) The generating functions for the generalized Fibonacci and generalized
Lucas quaternions are
F(t) = Q + (Q – pQ)t – pt – t
and
L(t) = K + (K – pK)t – pt – t ,
respectively.
Proof Let F(t) =
∑∞
n=Qntn and L(t) =
∑∞










=Q + (Q – pQ)t +
∞∑
n=
(Qn – pQn– –Qn–)tn.
Since, for each n ≥ , the coeﬃcient of tn is zero in the right-hand side of this equation,
we obtain
F(t) = Q + (Q – pQ)t – pt – t .
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Similarly, we obtain
L(t) = K + (K – pK)t – pt – t . 
Theorem . The exponential generating functions for the generalized Fibonacci and gen-













n = λeλt +μeμt .

















































= λeλt +μeμt . 
Now, we give the following theorems in which the ﬁrst formulas are proved, and the
remaining formulas can be obtained similarly.










Qn+k if n is even,

n–










Kn+k if n is even,

n+












(–)iKi+k = (–p)nKn+k .
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Qn+k if n is even,

n–
 Kn+k if n is odd. 















































λ –μ ( + pλ)
n –
μ




































































 Qn + pnKn) if n is odd.
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 Kn – pnQn) if n is odd. 










 (Kn – (V + p)Vn+ – (V +V)Vn) if n is even,

n–










 (Kn – (V + p)Vn+ – (V +V)Vn) if n is even,

n+
 (Qn – (V + p)Un+ – (V +V)Un) if n is odd.
Proof From the quaternion multiplication, we have
(λ) = λ –
(
(V + p)λ +V +V
)
,
(μ) = μ –
(
(V + p)μ +V +V
)
.

























































































 (Kn – (V + p)Vn+ – (V +V)Vn) if n is even,

n–
 (Qn – (V + p)Un+ – (V +V)Un) if n is odd. 








 n– (Kn – Ln – Ln+) if n is even,
 n– (Qn – Fn – Fn+) if n is odd









 n (Kn – Ln – Ln+) if n is even,
 n+ (Qn – Fn – Fn+) if n is odd,
where Qi and Ki are the ith Fibonacci quaternion and the ith Lucas quaternion, respec-
tively.
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